We investigate light hadron spectroscopy with an improved quenched staggered quark action. We compare the results obtained with an improved gauge plus an improved quark action, an improved gauge plus standard quark action, and the standard gauge plus standard quark action. Most of the improvement in the spectroscopy results is due to the improved gauge sector. However, the improved quark action substantially reduces violations of Lorentz invariance, as evidenced by the meson dispersion relations.
Introduction
The precision of numerical lattice QCD simulations with the standard lattice actions is constrained by the available computational resources. In order to keep the duration of the calculation within manageable bounds, one is forced to use lattice spacings a which may be too large to accurately describe the continuum physics. This problem has been addressed by the development of improved 1, 2, 3] and xed-point 4] actions. The promise of these actions is to yield good approximations to the continuum physics with relatively coarse lattice spacings. (For a recent review, see 5] .)
In the Symanzik improvement scheme 1, 2] the lattice action and elds are improved in powers of the lattice spacing a. This is achieved by introducing higher dimensional terms into the action. In the continuum limit, these terms are irrelevant, but at a nite cuto the coe cients of these terms can be tuned so that the discretization errors of spectral quantities are diminished. The most straightforward method to determine the coe cients is to expand the action in a Taylor series in a, and cancel the leading scaling violating terms order by order (tree-level improvement). This can be re ned by using perturbative analysis or non-perturbative numerical methods to determine the coe cients.
In this paper, we study the improvement of the staggered (Kogut-Susskind) quark lattice QCD action with quenched spectroscopy calculations. The improvement is implemented by adding a third-nearest-neighbor term, rst proposed by Naik more than a decade ago 6]. Some of the preliminary results of this study have already been published in 7, 8] . The same improvement scheme has been applied to nonzero temperature calculations by Karsch et al. 9] . The gauge con gurations used in this study are generated with an O(a 2 ) one-loop and tadpole-improved gauge action 2, 3]. Since our main goal is to investigate the e ects of the fermionic improvement, we compare the hadronic spectrum obtained with both the unimproved and improved fermion actions, using the same gauge con gurations. An excellent baseline for the evaluation of the improvement is provided by our extensive standard (non-improved) quenched Kogut-Susskind hadron spectroscopy calculation 10].
As opposed to Wilson fermions, the improvement of the staggered action has attracted relatively little attention. This is partly due to the formal complexity of the staggered formulation, partly to the fact that the standard Wilson fermions have an error O(a), 1 whereas the staggered action is already accurate to this order. Nevertheless, the improvement of the staggered action is highly desirable: the staggered action has a U(1) U(1) chiral symmetry, remnant of the full continuum U(4) U(4) symmetry (for 4 quark avors). This symmetry is restored in the continuum limit; however, for practical values of the lattice spacing a substantial avor symmetry breaking remains. This is a lattice artifact, and it remains a major problem when one studies the restoration of the spontaneously broken chiral symmetry at nite temperature. Moreover, the very successful O(a 2 ) improvement of the pure gauge action makes it very natural to try to bring the quark action to the same accuracy.
This paper is organized as follows: in section 2 we discuss the improvement of both the gauge and the fermion actions and the properties of the free fermion actions. In section 3 we present the results of the simulations and the comparison of the di erent actions. In particular, we study (a) the m N =m mass ratios at several xed values of m =m as functions of the lattice spacing, (b) the Lorentz invariance of and meson states, and (c) the restoration of the avor symmetry (as determined by the mass di erence of the pseudo-Goldstone and non-Goldstone mesons). Our conclusions are presented in section 4.
2 Improvement of the action (1 ? C ) (1) where P is the standard plaquette in the ; -plane, and R and C denote the real part of the trace of the ordered product of SU(3) link matrices along 1 2 rectangles and 1 1 1 paths, respectively: Due to the UV divergence of the tadpole-type graphs in lattice perturbation theory, operators formally of order a n in the expansion of the action are changed to order a n?2m g 2m by quantum e ects, depending on the number of tadpole graph contributions to that particular term. (In the tadpole contributions n 2m, i. e. tadpoles do not introduce additional UV-divergencies.) The contribution of the tadpole diagrams can be partially taken into account by absorbing them in the lattice coupling constants. This is commonly achieved by the de nition of the`average gauge link' from the plaquette, u 0 hPi 1=4 , which is strongly dominated by tadpoles, and by replacing U i (x) ! U i (x)=u 0 in every lattice operator 3, 11] . This corresponds to a rede nition of the lattice gauge coupling g 
where the strong coupling constant is determined through the 1-loop relation s = ?4 log(u 0 )=3:0684 :
The leading errors of this action are of order O(a 2 2 s ; a 4 ).
Tree-level improvement of the quark action
In this work, we study the following fermion action: ) : (9) The staggered action with a third nearest neighbor term was originally proposed by Naik 6] . However, he was studying the improvement of the Dirac-K ahler action, which has a di erent coupling to the gauge elds than the action in Eq. (8) . The Dirac-K ahler action lacks the exact U(1) U(1) -symmetry enjoyed by the action (8) , and the bare quark mass has to be additively renormalized. These properties make use of the Dirac-K ahler action much less appealing than the Kogut-Susskind action. Nevertheless, in the following we shall call the action (8) the Naik action. The (one-component) Grassmann eld describes 4 avors of Dirac fermions in the continuum limit. This is not transparent in Eq. (8) , nor can one easily identify the leading irrelevant terms when the continuum limit is taken. At the free fermion level, perhaps the easiest way to see this is to use the following transformation 12]: in momentum space, we decompose the momentum vector k = p+ A=a, A = 0 or 1, and we restrict 0 k < =a. A new (16-component) ). In order to cancel them, one has to add dimension-6 terms to the action; these terms have been classi ed by Luo 16] . The terms fall into two classes: D 3 terms, where D 3 is a generic combination of 3 covariant derivatives (and to which class the`Naik term' in Eq. (8) belongs), and 4-fermion terms. Unfortunately, even in the simplest form, the action has 15 dimension-6 terms with | so far | unknown coe cients. Therefore, we limit ourselves here to a much more modest goal and study the degree of improvement possible to obtain with the action (8) , bearing in mind that this action cannot cancel all of the O(a 2 ) errors, but only the ones present already for free fermions.
As with the gauge action, we may improve the action (8) beyond the tree-level by taking into account the modi cations due to gluon tadpoles: with the replacement U ! U=u 0 , the coe cients c i in action (8) : (14) In this work we use the quark action de ned by Eqs. (8, 14) . In the nonzero temperature calculation in Ref. 9] the action (8) was used with the`tree-level' values.
Properties of the free quark action
The free quark dispersion relation E(p) can be found from Eq. (13), by solving for the poles of the Euclidean propagator and using the identi cation E = Re ip 0 . In Fig. 1 ) leading errors. Due to the third nearest neighbor coupling in the imaginary time direction, unphysical ghost branches (with complex ip 0 ) appear in the dispersion relation. These states will become in nitely massive when a ! 0.
For free fermions, the thermal energy can be easily calculated from E = T 2 @ log Z=@T. In the imaginary time formalism, the temperature T = 1=(N T a), the inverse temporal extent of the lattice. Under the assumption that the free energy is proportional to the volume, the pressure is P = T@ log Z=@V . In Fig. 2 we show E=T 4 and P=T 4 for free Kogut-Susskind, Wilson and Naik fermions as functions of the inverse lattice spacing. Also shown are the results from the Bielefeld \P4" staggered action 17]: like the Naik action, it contains a 3rd nearest neighbor coupling, but in this case the neighbors are coupled along L-shaped paths (the Naik (x)U (x)U (x +^ )U (x + 2^ ) (x + 3^ ) -terms are replaced with terms of form (x)U (x)U (x +^ )U (x +^ +^ ) (x +^ + 2^ ), with 6 = ). The P4 action yields the same tree-level improvement as the Naik action.
The energy and pressure of the Naik fermions approach the continuum ideal fermion gas limits much faster than the standard Kogut-Susskind action. Indeed, the Bielefeld group 9] reported an improved thermodynamic behavior even when the interacting gauge elds are included in a dynamical quark Monte Carlo simulation. 3 The simulations and the results
Hadron spectrum
The parameters of the action (1) used in the generation of the quenched con gurations are shown in Table 1 . We measure the masses of the nucleon, the Goldstone pion , (corresponding to the (spontaneously broken) explicit U(1) chiral symmetry of the action (8)), the non-Goldstone (\SC") pion 2 , and the and 2 mesons. The masses were calculated both with the Naik The Naik hadron propagator calculation requires about 2 times more CPU time than the Kogut-Susskind one. The number of conjugate gradient iterations is very similar for the Naik and the Kogut-Susskind quarks, but since the Naik action (8) involves about twice as many terms, the computational load is higher. For example, for the pl = 7:4, (2) 1.537 (15) is about 260 seconds for K-S and 600 seconds for Naik on the Intel Paragon using 32 nodes.
In order to nd the best con dence levels of the propagator ts, we used one-, two-and three-particle tting functions, varying both the beginning and the end of the tting range. All of the ts use the full invariance matrix of the propagators. We block together all of the propagators on each lattice, then, in order to facilitate further analysis, we calculate the masses using a single elimination jackknife procedure. When tting each jackknife sample, we use the invariance matrix of the entire ensemble, rather than recomputing the invariance matrix for each sample.
A generic feature of the ts to the propagators is that one has to use considerably larger minimum t distance from the source with Naik fermions than with the Kogut-Susskind fermions. The reason for this e ect is probably the large extent in the imaginary time direction of the Naik derivative operator in Eq. (8) 18]. The transfer matrix is well de ned only at imaginary time separations larger or equal to 3. The ghost branch in the dispersion relation can also cause short distance e ects in the correlation function. In Fig. 3 we summarise the nucleon and meson masses from Tables 3 and 4 for pl = 7:4 and 7.9, and in Fig. 4 the pion mass squared for pl = 7:4. The masses of the Naik hadrons in lattice units tend to be larger than the Kogut-Susskind masses, but the di erence gets smaller with decreasing am q (approaching the chiral limit) and increasing pl (continuum limit). At pl = 7:9 the di erences are barely discernible. 12 Figure 5 shows the Edinburgh plots for pl = 7:4{7.9. The m N =m -ratios from pl = 6:8 and 7.1 exhibit typical strong coupling behavior: the ratio m N =m remains roughly constant at around 1.5 when m q ! 0 (m =m ! 0). Only when pl 7:4 do the data show an approach to the vicinity of the physical value, and thus in the following we concentrate on these couplings. For comparison, we also plot the m N =m mass ratio obtained with standard non-improved Kogut-Susskind action at = 5:54, 5.7 and 5.85 10]; these couplings correspond roughly to the same lattice spacing as the improved action at pl = 7:4, 7.75 and 7.9.
It is interesting to note that despite the large di erences in the masses in lattice units in Fig. 3 (and Table 3 ), in Fig. 5 the pl = 7:4 Naik and Kogut-Susskind mass ratios lie practically on the same curve, with the Naik values displaced slightly in the direction of smaller m =m . When the mass of the meson is used to set the scale, from Figs. 3 and 5 we see that for a given set of bare parameters the lattice spacing for the Naik fermions is slightly larger than for the Kogut-Susskind fermions, while the mass ratios are closer to the physical values. Conversely, if we want to investigate the same physical system (mass ratio and physical volume), the Naik action enables us to use a bit larger bare quark mass and smaller lattices (in lattice units). This e ect becomes smaller as one gets closer to the chiral limit m q ! 0 and to the continuum limit pl ! 1; nevertheless, it is clearly observable in all of the Edinburgh plots in Fig. 5 .
The chiral function and the continuum limit
A convenient method to quantitatively measure the degree of improvement in hadron spectroscopy is to study the lattice spacing dependence (in units of am ) of the ratio m N =m at some xed value of m =m . This requires interpolation or extrapolation to the desired m =m ratio. We perform this for each pl separately with chiral t functions.
The chiral ts are motivated by quenched chiral perturbation theory (Q PT), which gives m N and m in a power series of m (+ logarithmic terms). Since in the leading order m 2 / m q , these become power series in m 1=2 q . For the standard Kogut-Susskind action, the chiral extrapolations have been discussed in detail in 10].
Extrapolation of the ratio m N =m to the chiral limit m ! 0 or even to the physical limit m =m 0:1753 is sensitive to the form of the selected chiral t function ansatz. The value of the ratio is much less sensitive in the region m =m 0:4{0.6, where the function interpolates between measured mass values (see Fig. 5 ). Detailed comparison of the di erent actions is feasible in this region.
We exclude the \strong coupling" runs at pl = 6:8 and 7.1, and t am N (am q ) and am (am q ) for pl = 7:4{7.9 to the chiral ansatz am = c 0 + c 1 in (15) , the ts invariably prefer a positive sign for the coe cient; whereas Q PT gives a negative sign. However, the appropriate pion mass in this term is actually the avor singlet pion mass, which is not proportional to (am q ) 1=2 at xed lattice spacing due to avor symmetry breaking. When this is taken into account, acceptable ts with a coe cient compatible both in sign and magnitude with Q PT are possible. This is studied in detail for our standard gauge Kogut-Susskind hadrons in Ref. 10 ]. Since such ts do not appear to change the extrapolated/interpolated values signi cantly from (15), but do increase the errors, we prefer to leave out the am term.
The error propagation is taken into account by performing the (fully correlated) ts separately to each of the jackknife blocks.
In most cases, it would be possible to obtain acceptable ts also with the simpler ansatz with either c 3=2 or c 2 xed to zero. However, while the full ansatz (15) works quite well for the standard Kogut-Susskind hadrons 10], these simpli ed functions do not. In order to facilitate the comparisons between the di erent actions, we retain the full chiral ansatz (15) here.
The results of the chiral extrapolation/interpolation to m =m = 0:1753 (physical), 0.4, 0.5 and 0.7 are shown in Fig. 6 ; both for improved actions and for the standard Kogut-Susskind action. Since we expect the leading errors to be O(a 2 ), we plot the ratios against (am ) 2 . Here am is calculated at the quark mass which yields the indicated value of m =m . We make a linear t with respect to (am ) 2 of the standard Kogut-Susskind data, and, since in the continuum limit all of the actions must yield equivalent results, we t straight lines to the improved Kogut-Susskind and Naik data, with the constraint that the a = 0 intercept is xed to the standard Kogut-Susskind value.
We make the following observations: In the intermediate m =m = 0:4 and 0.5 plots, the improved gauge nucleon to mass ratios are clearly closer to the continuum values than the standard KogutSusskind ones. Indeed, the pl = 7:9 value is very close to the standard Kogut-Susskind Wilson = 6:15 one, but with twice the lattice spacing (albeit with larger statistical errors). At large lattice spacings ( pl = 7:4) the Naik fermions show smaller scaling violation than the improved gauge Kogut-Susskind fermions, but this di erence becomes very small when the lattice spacing is reduced.
At the physical ratio m =m = 0:1753 the errors in m N =m increase dramatically due to the extrapolation in am q . Nevertheless, we observe a pattern similar to that at larger quark mass.
When m =m = 0:7 the quark mass am q becomes so large that the chiral expansion (15) does not converge well any more: the highest power terms have the largest magnitude. This leads to erratic jumping of the points in the last panel of Fig. 6 . (note however the very small range of m N =m covered by this plot).
As the quark mass is lowered, the di erence between the two types of quarks in the improved gluonic elds is reduced. Thus, at m =m = 0:7 most of the improvement of m N =m is attributable to the Naik improvement, whereas near the physical quark mass, most of the improvement comes from the gluonic action. A large part of the Naik improvement is due to the larger (am ) and hence a larger lattice spacing. If one uses the string tension to set the scale the di erence between the Naik and the Kogut-Susskind actions becomes smaller. . When m =m 0:5, the constrained linear ts to the improved gauge Kogut-Susskind and Naik data have con dence levels better than 0.5, certainly quite compatible with O(a 2 ) leading scaling violations. The magnitude of the violations { the slope of the line { for the Naik data is only about 1=2 of the standard Kogut-Susskind value, whereas the improved gauge Kogut-Susskind has a slightly larger slope than Naik.
We can also test whether the data would allow for O(a 
To check consistency, we can relax the constraint at a = 0 and t independent straight lines to all datasets. When m =m 0:5 the intercepts at a = 0 are compatible for all cases, i. e. , within 1 standard deviation of each other.
The lattice spacing and the size of the system in physical units can be obtained by extrapolating am to the physical m =m -ratio and setting m = 770 MeV. These are given in Table 5 . Table 5 : The lattice spacing and the box size in physical units.
The numbers in Table 5 have been calculated with the Naik quark action; for the KogutSusskind action the lattice spacings and the box sizes would be fractionally smaller. The box sizes are considerably larger than 2 fm (with the possible exception of pl = 7:9), so that we can safely ignore the nite size e ects 20]. For the weakest coupling and the smallest quark mass, the product m (Lattice size) is approximately 3.0.
Besides the mass of the -meson, the square root of the string tension is commonly used to determine the lattice spacing. In Fig. 7 The improved gauge Kogut-Susskind and Naik data still seem to reside completely in the \strong coupling region", although there is some indication that at weaker couplings the ratios would bend to the direction of the line de ned by the standard Kogut-Susskind data. Extrapolation of the improved action ratios to the continuum limit is clearly not justi ed.
The non-linearity in m = p is somewhat surprising, when we compare it against the purely hadronic observables in Fig. 6 . This lends support to the view that a large part of the scaling violations cancel in the hadronic ratios, and justi es the use of am as the scale factor in purely hadronic observables.
Lorentz symmetry
As discussed in Sec. 2.3, the free quark continuum dispersion relation is approximated much better by the Naik action than by the standard Kogut-Susskind action. At very high temperatures, deep in the quark-gluon plasma phase, the quarks behave approximately as free particles, and the Naik action improves QCD thermodynamics 9]. However, a priori it is not clear whether the dispersion relation of hadronic states is improved. We test hadron dispersion relations by measuring the energy of the -and -meson states with nite spatial momenta on 100 lattices with pl = 7:4, am q = 0:04 and volume 32. We use 4 ( nite momentum) wall sources, separated by 8 lattice units. The source operators are constructed as follows: rst, we take a zero momentum wall source, which is 1 for a particular source color at each spatial slice at the source time. This is used as a source for the conjugate gradient to compute the quark propagators.
Then this wall source is multiplied by the momentum dependent phase factor exp(ik x), by the sign factors (depending on the location in the 2 4 avor hypercube) to select the desired meson, and by an extra (?1) P x corresponding to 5 . This is used as a source for the conjugate gradient to compute the antiquark propagator. The sink operator is similar, except that the quark and antiquark propagators are multiplied together with the appropriate phase and sign factors before summing over spatial points, corresponding to a local sink.
For pions, we use momentum vectors pointing to 3 di erent directions: kL=(2 ) = (0; 0; 1), (0,1,1), (1,1,1), and these multiplied by 2. For the -meson, we use (the lattice analog of) the vector operator 3 , and we expect that the dispersion relation may be di erent along the z-axis direction and perpendicular to it. Therefore, for we use 
The deviation of c 2 from unity directly measures the violation of Lorentz invariance. The results are shown in Table 6 and in Fig. 8 (for pions) . The Naik pions show a clear improvement of c 2 over the Kogut-Susskind pions: the deviation from unity is reduced approximately by half. The results for the -mesons seem to indicate a dependence on the direction of the momentum (parallel or perpendicular to z). Also, here the c 2 is closer to unity for the Naik mesons; however, the statistical errors are so large that we cannot make de nite statements about the improvement. The restoration of avor symmetry can be discerned by investigating the mass di erences between and 2 mesons. The rst particle is the Goldstone boson corresponding to the spontaneously broken U(1) U(1) chiral symmetry and it becomes massless when am q ! 0 even at a nite lattice spacing (Fig. 4) . In comparison, the 2 mesons remain massive in the chiral limit, and become massless only when both the chiral and the continuum limits are taken.
We use the dimensionless quantity 
to measure avor symmetry breaking. For the standard Kogut-Susskind quark action, this quantity is almost independent of the bare quark mass am q at small lattice spacings.
In Fig. 9 , we show for pl 7:4 improved gauge Naik and Kogut-Susskind hadrons, together with the unimproved glue Kogut-Susskind values, as functions of (am ) 2 . The 22 data is interpolated to m =m = 0:5 (compare to the third panel in Fig. 6 ). With this constraint, the avor symmetry breaking parameter reduces to = (m At this value of m =m , we observe that the avor symmetry violation at small a is reduced by 45% due to the improved gauge action. When the Naik fermions are used, is slightly smaller than with the Kogut-Susskind fermions. However, this situation would become reversed, if we used a p instead of am to set the scale. A successful additional improvement of the Kogut-Susskind avor symmetry is the MILC \fat link" fermion action 8]. That action substitutes the standard gauge links with smeared average links in the fermion hopping terms. The averaging process improves the avor symmetry dramatically, the improvement being roughly comparable both for the standard Kogut-Susskind and the Naik action. These observations indicate the importance of the coupling of fermions to the gauge elds for the avor symmetry of the staggered action. The Naik action (8) can be interpreted naively as a straightforward improvement of the (free) fermion dispersion relation.
The improvement in avor symmetry from the Symanzik improved gauge action, like the improvement from the fat link quark action, can be understood as a suppression of the e ects of high momentum gluons. Gluons with momentum near =a scatter quarks from one corner of the Brillouin zone to another, which is roughly equivalent to changing their avor 23, 24] . The suppression of the high momentum gluons becomes evident when the gauge action is expanded to quadratic order in the vector potential A (where the lattice variable U (x) = exp ?igaA (x)] ). Using the shorthand notationŝ i : (20) 23
Here the coe cients c i denote the relative strength of the three terms in the action. They are related to coe cients i through c i 6=g 2 = i . As an overall normalization we require that the constant term within the brackets equals to one: c pl + 8c rt + 16c pg = 1.
For the Wilson gauge action the coe cients are c pl = 1, c rt = c pg = 0, whereas for the improved action c pl > 1 and c rt ; c pg < 0. With the improved gauge, the non-constant terms within the brackets in Eq. (20) increase the action for modes close to the edges of the Brillouin zone (k =a, for at least one ). As a simple example we consider a momentum vector parallel to one of the lattice axes and at the edge of the zone. In this case the term within the brackets in Eq. (20) reduces to 1 ? 4c rt ]. At pl = 7:4, using Eqs. (5,6), Table 1 and the normalization condition above, the coe cent c rt has a value ?0:26. When compared to the Wilson gauge action (c rt = 0), this more than doubles the action di erence of the modes close to the edge of the zone and near the origin k = 0. When the lattice spacing is reduced the suppression of the modes near the edge of the zone increases rapidly, while the relative di erence between the actions becomes smaller. At tree level, the coe cients assume values c pl = 5=3, c rt = ?1=12 and c pg = 0, still yielding a 33% di erence of the action at k = =a.
Conclusions
We investigate improvement of the quenched light hadron mass spectrum using a tadpoleimproved staggered Naik action (8) ) tadpole improved gauge action to generate the gauge congurations. Using the same gauge action for both the Kogut-Susskind and the Naik calculations allows us to separate the e ect of the fermionic improvement from the improvement of the gauge action. The latter is studied by comparing the results presented here to our standard Kogut-Susskind results 10].
We nd that improvement of the gauge action has a signi cant e ect on the hadron spectrum: when m =m 0:5, the nucleon to -meson mass ratio is roughly 50 % closer to the continuum value with the improved gauge than with the standard gauge action. Thus, the scale violations with the standard gauge spectroscopy are at roughly the same level as with the improved gauge at about 1:4 times the lattice spacing. Using the improved gauge action, the Naik quark action has smaller scaling violations than the Kogut-Susskind action, although the di erence becomes small when the quark mass is reduced. Similarly, improving the gauge action reduces the amount of avor symmetry breaking, but using the Naik action yields little further gains. For both of the actions the avor symmetry can be further improved with the`fat link' procedure 8].
The biggest improvement provided by the Naik action comes from the improved Lorentz invariance of the hadronic states. This is best evidenced by the -meson dispersion relation, which is much closer to the continuum behavior when the Naik action is used. This property may be especially signi cant for nonzero temperature simulations, where the hadronic and/or quark degrees of freedom typically have large momenta. Thus, when one strives for higher precision in staggered quark simulations, an economical solution can be found from the combination of an improved Naik-like quark action together with the fat links.
